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Unsteady Three-Dimensional Laminar Jet Mixing
of a Compressible Fluid

S. I. PAI*
University of Maryland, College Park, Md.

The fundamental equations of an unsteady three-dimensional laminar jet mixing of a com-
pressible fluid have been discussed. These equations are simplified by introducing two
stream functions. Finally, the unsteady jet flow that deviates slightly from an unsteady uni-
form flow is studied in detail. It was found that, for arbitrary three-dimensional jets, the
velocity and temperature distributions tend to be axisymmetrical at large time-from-start
and far downstream. Some numerical examples are given.

I. Introduction

MOST of the free jet-mixing problems consider the cases of
steady flow2 of two-dimensional or axisymmetrical or

rotationally symmetrical3"5 configuration in which the flow
variables are functions of two spatial variables only. Little
has been done for the case of general three-dimensional flow
in which the flow variables are functions of all three spatial
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variables as well as time. In practice, the jet flow may oscil-
late, and the general stream in which the jet flow is located
may be unsteady itself. Furthermore, the directions of the
general stream and of the jet may not be the same. Hence,
the three-dimensional character of the jet-mixing problem is
important. In this paper, we discuss the general behavior of
an unsteady three-dimensional jet-mixing region in a uniform
stream of a viscous and compressible ideal gas.

We consider a jet issuing from a nozzle into an unsteady
freestream. The deviation of the direction of the jet from
that of the freestream is assumed to be small. We further
assume that the deviation of the cross section of the exit of
the nozzle from a circular cross section is also small. As a
result, the radial component of the jet flow will be small,
and the jet behaves as a free boundary-layer flow with a large
gradient in the radial (r) direction. If we take x as the direc-
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tion of the jet, it is convenient to use the three-dimensional
boundary-layer equations in cylindrical coordinates (r, z, 6)
where 6 is the angular coordinate.

We assume that the freestream deviates slightly from a ro-
tationally symmetrical flow so that the inviscid flow outside
the jet-mixing region may be written as

P«> =

Xj t) + efi(x, 6, t)
, 0 + e/2(X 0, t)
, 0 = e/sfo 6, t)
t) + 6/4(3, 0, t)

(z, t) + ef5(x, d, t)

(1)

where u and w are, respectively, the axial (x—) and tangential
(0—) velocity components of the flow; p, p, and H are the
pressure, density, and enthalpy of the fluid, respectively; the
subscript oo refers to the value at the edge of the jet-mixing
region and subscript 0 refers to the corresponding value for a
rotationally symmetrical case. Thus, the velocity wm0 is the
swirling velocity of the freestream. The parameter e is a
small quantity that characterizes the deviation from the ro-
tationally symmetrical flow. The functions /i to /5 are known
functions of x, 6, and t in our problem, where t is the time.

II. Fundamental Equations

We use a cylindrical coordinate system fixed with respect to
the nozzle from which the jet flow issues. The nozzle moves
with an axial velocity U(t), which is in general a known func-
tion of time and may be a constant. Our fundamental equa-
tions in this coordinate system are as follows:

Equation of Continuity

(2)dpr ~bpru bpw _
~ ~ ~ -~ ~"

where v is the radial velocity component.
Equations of Motion

w du bu

dU , 1 5 (>u

v bwr

pw2/r = (5)

Energy Equation

d#. , c)Hs dU . dp

dw
-•s- U^ + w^ -

(6)

where Hs = H + |(^2 + w2) is the stagnation enthalpy; ^
is the coefficient of viscosity; and Pr = K/nCP is the Prandtl
number. We shall assume that CP is constant in our analysis.

The boundary-layer approximations have been used in Eqs.
(3-6). It is assumed that d( )/rb6 is of the same order of
magnitude as d( )/dx and both are smaller than d( )/dr.

Equation of State

p = pR0T

where #o is the gas constant.

(7)

III. Some Transformations of the Fundamental
Equations

The fundamental equations of Sec. II may be simplified by
introducing two stream functions ^ and 0 such that

pur = dr pw = dr

prv = - — C)0 C) fr

c)0 bt Jo /

(8)

When the flow is rotationally symmetrical, the stream func-
tion \f/ reduces to the ordinary stream function for axisym-
metrical flow. Substituting Eq. (8) into Eq. (2), the equa-
tion of continuity (2) is automatically satisfied. Hence, if we
use the stream functions \l/ and $ instead of velocity com-
ponents u, v, and w, we need not consider the equation of
continuity.

For the case of a compressible fluid, it is convenient to use
the variables R, X, r, and 0 instead of r, x, t, and 6 such that

R = Cr prdrJ o X = x

Then we have
U = \I/R

T = t

w = r<j>R

e = e (9)

(10)

where subscripts 2?, X, r, and 6 refer to the partial differentia-
tions.

Substituting Eqs. (9) and (10) into Eqs. (3-6), we haye

1 57?

2

(12)

(13)

PMr2 M - — j (14)

where r2 is considered as a function of R, X, T, and 9 from Eq.
(9). Equations (11-14), together with Eq. (7), are the
fundamental equations of unsteady three-dimensional free-
mixing problems.

IV. Unsteady Jet Flow Deviates Slightly from an
Unsteady Freestream

In order to show some essential features of unsteadiness and
three dimensionality, we consider the case that there is a
known unsteady freestream with axial velocity U(r) only and
that the resultant jet flow deviates slightly from this mean
flow of axial velocity U(r). The deviation may occur, for
instance, because of small oscillation of the jet, or a small
swirl, or a nonuniform initial velocity distribution along the
tangential direction of the exit of the nozzle, or a combination
of several of these causes. Under this condition, we may ex-
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pand the variables of our problem in powers of a small param-
eter e, which characterizes the deviation as follows:

Q = Qo(r) + eQiOR, X, r, 9) + 0(e2) (15)
where Q may be $, p, p, </>, or Hs and \[/Q = RU(T), po and p0,
and HQ are constants and HSo = H0 + ^£72M.

From Eqs. (9) and (15) we have

, r, 9) + 0(e2) (16)

Substituting Eqs. (15) and (16) into Eqs. (11-14) and neg-
lecting terms of order of e2 or higher, we have the equations
for the first-order variables Qi as follows :

tf S - Plr
Po

(RHS1R)R

= 0

= — ̂  Pie + -rT

(17a)

(17b)

(17c)

(17d)

Equations (17a-17c) are independent of angular coordinate 9
and linear. They are in exactly the same form as those of
axisymmetrical flow. If the initial values of flow variables
\[/i and HSI are functions of 9, it is evident that the variations
of these variables with respect to 9 will remain unchanged
downstream in the following manner:

If we develop the initial values in Fourier series of angular
coordinate 9, e.g.,

m 0.5

t.-o
-STEP

0 I 2 3 4 5 6 7 8 9 10 R^
RADIAL DISTANCE

Fig. 1 Initial values of perturbed quantity.

Eq. (20) becomes

The initial and boundary conditions for Q are

-Q(B,0) =g(R) Q(» , fe ) = 0
The solution of Eq, (22) with conditions (23) is

(22)

(23)

, 0, 0, 9) = + Bn(R) cosnG] (18) where J0 is the modified Bessel function of zeroth order.

we may find the solution \[/IR in the form

iMfl, X, T, 0) = f] WiRAn (R, X, T) X
w = 0

sinnG + ^iRBn (R, X, r) cosnG] (19)

where ^IRA* and \[/iRBn are, respectively, the solutions of axi-
symmetrical flow with initial values An(R) and Bn(R). In
other words, the variations of \{/IR and HSIR in each plane,
G = const, is the same as the corresponding axisym-
metrical flow for first approximations. After the solutions in
every plane of G are known, Eq. (19) gives the complete
three-dimensional solution, f For first approximation, we
only need to know how to obtain the solution of axisym-
metrical flow in order to predicate the behavior of the general
three-dimensional case.

V. The Solution of Axisymmetrical Flow

Now we are going to find the solution of an axisymmetrical
flow in a nonsteady uniform stream U(r). In this problem,
we assume that the first-order pressure perturbation pix is
zero because the outside flow is a uniform flow. Equations
(17a) and (17b) may be written as

QT + UQx = (20)

where Q may be either the perturbed o>wise velocity compo-
nent \l/iR or the perturbed enthalpy Hi.

If we make the transformation

ti = 2Mor -R = R Xi = X - f T U(t)dt (21)j o

f Because of the indeterminancy of 0 at R = 0, the solution
does not hold at R = 0, but it gives the general trend at R > 0.

VI. Numerical Examples

Since, in terms of ti and R, the perturbed function Q does
not depend on U(r) explicitly, we may first find the universal
solution Q from a given initial function g(R) and then deter-
mine the flow field for various freestream velocity U(r) from
this universal solution Q. In order to bring out some general
properties of the solution, we take a simple function for g(R)
asfollowsj:

g(R) = A exp(-fl/&) (25)

where A and b are arbitrary constants. Since it is well known
that most of the velocity and temperature distributions in the
jet-mixing region are close to exponential or error functions,
Eq. (25) would give the essential features of the jet flow. Be-
cause Eq. (22) is linear, we may take A = 1 without loss of
generality. We calculate Q from Eqs. (22) or (24) with
g(R) given by Eq. (25) with b = 0.4, 0.7, 1.0, and 1.4. We
also calculate the case for g(R) represented by a step function,
i.e.,

g(K) = 1 for 0 < R < I

g(R) = O f o r f l > 1
(26)

Equation (26) is one of the typical initial functions often used
in jet-mixing analysis in which the boundary layer at the exit
is negligible.

Figures 1-3 give some typical curves for Q(R, ti) for various
initial functions at Zi = 0,1.0, and 5.0, respectively. Figure 4

J This distribution is equivalent to g(r) = Ae~r2^j which has
been used extensively in wake problems (see p. 10 of Ref. 1).
Hence, the example should bring out the essential points of the
present problem.
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Fig. 2 Radiatial distribution of perturbed quantity at
ti = 1.

shows the variations of the maximum values of Q with respect
to ti. It is seen that the larger the value of b, which char-
acterizes the width of the initial jet, the slower the rate of de-
crease of Qmax will be. Since we have already normalized
the initial velocity profiles (Fig. 1), the factor b represents the
total "momentum" or "heat" excess in the jet flow. Thus
the rate of decrease of Qmax decreases as the total "excess"
of Q in the jet increases.

If we plot Q/Qmax vs R at various h, we have Figs. 5 and 6
for ti = 1.0 and ti = 5.0, respectively. The interesting result
is that the profiles of Q/Qmax vs R tend to be similar for all
of the initial functions at large value of h. In other words,
at large h, e.g., ti ^ 5.0, a single curve Q/Qmax vs R may be
used to represent all initial functions (see Fig. 6). At small
value of tit ^ne variation Q/Qmax vs R depends greatly on the
initial function (see Fig. 5).

The values of Q and Qmax given in Figs. 1-6 may be in-
terpreted as the values of Q at a given point Xi = 0, which
may be arbitrarily chosen, e.g., at the exit of the nozzle at
ti-— 0; and at various values of ti. Hence, the location
Xi = 0 is fixed in space. In order to obtain the value of Q
at a location X fixed relative to the exit of the nozzle, we can
find the value of X from ti by the transformation (21), i.e.,

0 2 4 6 8 10 12 14 16 18 20

Fig. 4 Variations of maximum perturbed quantity with
time.

Of course, the location X depends on the velocity of the nozzle
U(t). For steady-flow case, we have U(t) = U — const.
Then Eq. (27) gives

x = Uti/2t* or ti = 2v0x/U (28)
Equation (28) is the well-known transformation for the
steady-flow case.

For an unsteady flow with velocity c7(r), since the initial
value g(R) corresponds to X = 0 and r = 0, the actual flow
condition at X = X and r = 0 corresponds to the value at
X = 0 and r = TI, where TI is determined by Eq. (27) for a
given value of X. From the value of n, we have the cor-
responding value of ti = 2/zori.

In Fig. 7, we plot X vs r from Eq. (27) for the following
cases:

U(T) = I + ar (29)

(with a = 0, steady flow; a = 0.1, accelerated flow; and
a = —0.1, decelerated flow; for the decelerated flow, the re-
sult for r ^ 10 has no practical significance), and

U(T) = sin0.2r (30)

X = (27)

This represents an oscillating flow.
With the help of curves in Fig. 7, we can find the axial

variation of Qmax at various time. Figure 8 shows some
typical results at r = 0. For the oscillating flow (30), the
curve lies between those of a = 0 and a = 0.1 because the

Q/Qmox

I 2 3 4 5 6 7 8 9 10
RADIAL DISTANCE

I 2 3 4 5 6 7 8 9 10
RADIAL DISTANCE

Fig. 3 Radiatial distribution of perturbed quantity at Fig. 5 Normalized radial distribution of perturbed
ti = 5. quantity at ti = 1.
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Q/Q

t , -5

0 1 2 3 4 5 6 7 8 9 10

Fig. 6 Normalized radial distribution of perturbed
quantity at ti = 5.

20

* 0.5 Sin 0.2 T

0 2 4 6 8 10 12 14 16 18 20

Fig. 7 x — r diagram for various u (r).

x — T curve for this oscillating flow lies between those of
a = and a = 0.1.

VII. Conclusions

The following conclusions ma}^ be drawn from our analysis
of three-dimensional unsteady laminar jet-mixing problems
for a jet deviated slightly from an unsteady uniform flow:

1) The variations of axial velocity and enthalpy in each
plane, 9 = const, are the same as those of the corresponding
axisymmetrical case.

2) If the initial profile g(R) is the same, the perturbed
quantity in the section with larger initial magnitude A will
decrease faster than those with smaller A because the effec-
tive time ti to reduce the perturbed quantity to a fraction of
its initial value is the same. As a result, the difference of
the magnitudes of the perturbed quantity at various sections

0.5

0.4

0.3

0.2

0.1

b= 1.0

U» 1+0x5 SIN 2r

0 2 4 6 8 10 12 14 16 18 20

Fig. 8 Axial variation of @max at = 0.

6 reduces downstream and the whole flow field of the jet-
mixing region tends toward axisymmetrical distribution far
downstream.3

3) For the same magnitude A but different initial profiles
g(R), the curve with broader initial distribution [large value
of b in Eq. (25)] has a lower rate of decrease of Qmax with
time ti (see Fig. 4).

4) The radial distributions of perturbed quantity (Fig. 6)
tend to be similar for all initial functions for large values of t\.

5) Combining conclusions 2 and 4, we may draw the final
conclusion that, in general, the jet flow tends to be axisym-
metrical far downstream because, first, all the profiles tend to
be similar, and then, for similar profiles, the difference of mag-
nitude decreases downstream. A similar result has been
found by Steiger and Bloom for a special case by the method
of Oseen approximation.

6) For oscillating flow [Eq. (30)], both the magnitude
[0.5 in Eq. (30) ] and the frequency [0.2 in Eq. (30) ] have in-
fluence on the flow field. The important thing is the tra-
jectory in the x = r plane (Fig. 7). For instance, the trajec-
tory of Eq. (30) lies between those of a = 0 and a = 0.1 of
Eq. (29), the variation of Qmax with x for oscillating flow (30)
also lies between those of a = 0 and a = 0.1.

7) All the results may be applied to the far-downstream
wake too.
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